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We study the existence and approximation of a nontrivial positive solution for a
nonlinear ordinary differential equation of second order. To prove the uniqueness
of positive solutions, we use some estimates of the error between exact and
approximate solutions. The equation arises in the study of some nonlinear diffusion
problems. Q 1997 Academic Press
1. INTRODUCTION
In this paper we study the following nonlinear differential equation:
k u u9 9 s f x u9 1.1 .  .  . .
together with the conditions
u 0 s 0, 1.2 .  .
lim k u x u9 x s 0. 1.3 .  .  . .
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Some particular cases of this problem have been studied in connection
with some nonlinear diffusion problems such as semiconductor fabrication
w xand infiltration of fluids from reservoirs 2, 3, 6]9 . But there are also
w x  .  .other diffusion problems 10 for which 1.1 ] 1.3 can be considered.
Obviously, u s 0 is a solution of the problem, but the existence, unique-
ness, and approximation of nonnegative nontrivial solutions are interesting
questions from the physical point of view.
In some diffusion problems relative to infiltration of fluids from reser-
voirs and semiconductor production, it is of interest to study the so-called
 w x.similarity solutions e.g., 8 . In the simplest case these problems can be
reduced to the following nonlinear differential equation:
m umy 1u9 9 s f x u9, m G 2, .  .
 . yc x  .  .yc 1  .where f x has the form 1 y x, e , c ) 0 , x q c , c, c ) 0 or1
similar and it is connected with the dimension and form of the equation.
 . my 1The function k u s mu is the simplest function to describe these
nonlinear diffusion phenomena. However, for the description one can use
more general functions k satisfying the assumptions presented below.
In this paper, we use the method of upper and lower solutions to prove
the existence of nontrivial solutions. By employing the monotone iterative
technique, we are able to construct a sequence of approximate solutions
and give an estimate of the error. Then, it is possible to show the
 .uniqueness of the nonnegative nontrivial solution.
2. PRELIMINARIES
We now make more precise assumptions on f and k. Let I be an
w .interval of the form 0, a with 0 - a F `. We suppose that f : I ª
w . w .0, ` is a decreasing continuously differentiable function, and k: 0, ` ª
w .  .0, ` is a continuous function, differentiable for u ) 0 such that k 0 s 0,
k9 G 0, and k9 is nondecreasing.
 .  .We are interested in nontrivial solutions of the problem 1.1 ] 1.3 such
 . 2 ..  .that u g C I j C 0, a and u x ) 0 for x ) 0. Let
K s u g C I : u G 0 in I 4 .
and
K s u g K : u 0 s 0, u ) 0 in 0, a . 4 .  .0
w xWe have the following result 6 .
 .  .LEMMA 2.1. A function u g K is solution of 1.1 ] 1.3 if and only if0
u s T u , 2.1 .  .
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where
x
y1T u x s W f s y f 9 s x y s u s ds , 2.2 .  .  .  .  .  .  .H /0
and Wy1 is the in¨erse function of
x
W x s k s ds. 2.3 .  .  .H
0
 .This result allows us to consider 2.1 instead of the original problem
 .1.1 with the regularity conditions.
We now have the following estimates.
 .LEMMA 2.2. If u g K is a solution of 2.1 , then u is a strictly increasing0
function satisfying the following a priori estimates:
f x F u x F F x , 2.4 .  .  .  .
where
x
y1 y1f x s V f s ds , F x s V f 0 x , 2.5 .  .  .  .  . .H /0
and Vy1 denotes the in¨erse function of
x k s .
V x s ds. 2.6 .  .H s0
Proof. From
x
W u x s f s y f 9 s x y s u s ds, .  .  .  .  . . H
0
we obtain that
x
k u x u9 x s f x u x y f 9 s u s ds. 2.7 .  .  .  .  .  .  . . H
0
 .On the other hand, we have that u9 x ) 0 for x ) 0 since f 9 F 0.
 .Therefore, u is a strictly increasing function. Now, from 2.7 we get that
x
f x u x F k u x u9 x F f x y f 9 s ds u x . 2.8 .  .  .  .  .  .  .  . . H
0
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 .Dividing 2.8 by u and integrating from 0 to x, we can write
x
f s ds F V u x F f 0 x . .  .  . .H
0
 .From this last expression we obtain 2.5 .
We note that the functions f and F belong to K . Moreover, if g g K ,0 0
then Tg g K and it is strictly increasing. Also, if g , g g K and g F g ,0 1 2 0 1 2
then Tg F Tg ; in other words, the operator T is monotone increasing.1 2
3. SOLVABILITY OF THE OPERATOR EQUATION
We now can show:
 .LEMMA 3.1. The function f is a lower solution for 2.1 , that is,
T f x G f x for e¨ery x g 0, a , 3.1 .  .  . .  .
 .and F is an upper solution for 2.1 , that is,
T F x F F x for e¨ery x g 0, a . 3.2 .  .  . .  .
 .Proof. To prove 3.1 , it is sufficient to show that
W Tf x G W f x .  .  . .
since W is increasing. Taking into account that f 9 F 0, we have that
x
f x f x y f 9 s f s ds G f x f x . .  .  .  .  .  .H
0
 . w  .x  .Integrating this last inequality, we obtain 3.1 since W f 9 x s
 .  .f x f x .
 .To prove 3.2 , note that f 9 F 0 and that F is increasing. Thus,
x
W T F 9 x s f x F x y f 9 s F s ds .  .  .  .  .  .H
0
F f 0 F x s W F 9 x . .  .  .  .
This completes the proof.
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w x  4We now define the interval f, F s g g K : f F g F F .
w xLEMMA 3.2. The operator T : f, F ª K is compact.
 4` w xProof. It is sufficient to show that for any sequence g ; f, F ,n ns1
  .4`the sequence T g is bounded and uniformly continuous. By Lem-n ns1
  .4`ma 3.1, it is easily seen that T g is bounded.n ns1
We have that
x
f x g x y f 9 s g s ds .  .  .  .Hn n
0T g 9 x s . .  .n k T g x .  . .n
From this equality and the previous lemma we get
f 0 F x .  .
T g 9 x F for every x ) 0. 3.3 .  .  .n k f x . .
Now, taking into account that f is decreasing, we obtain that
F x Vy1 f 0 x .  . .
F , x g 0, d , 3.4 .  .y1k f x k V cx .  . .  .
 .  .where c F f x on 0, d .
y1  .Since V is concave then, by 3.4 , we can write
F x f 0 Vy1 cx .  .  .
F . 3.5 .y1k f x ck V cx .  . .  .
 .An easy calculation shows that the right-hand side of 3.5 is an
 .  .integrable function on 0, d . This means that the right-hand side of 3.3 is
  .4`an integrable function independent of n. Thus, T g is uniformlyn ns1
equicontinuous. This completes the proof.
We are now in a position to apply an abstract version of the monotone
w xmethod 1, 5 .
THEOREM 3.1. Let E be a Banach space and K a normal cone with
 .nonempty interior. Let T : D T ; E ª E be an operator such that f is a
 .  .lower solution for 2.1 , that is, f G T f , and F is an upper solution for
 .  .2.1 , that is, F G T F . Further, assume that f F F.
w x w xIf T : f, F ª f, F is compact and monotone increasing, define the
 .  .  4sequences f sf, f sT f , and F sF, F sT F . Then f ª0 nq1 n 0 nq1 n n
 4u , and F ª u , where u and u are the minimal and maximal fixedm n M m M
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w x w xpoints of T in the inter¨ al f, F , that is, if u is a fixed point of T in f, F ,
then u F u F u . Furthermore, we ha¨e the error estimatesm M
f F u F u F F for e¨ery n s 1, 2, . . . . 3.6 .n m M n
Now, on the basis of the previous results, we can formulate the following
existence result.
 .  .THEOREM 3.2. The problem 1.1 ] 1.3 possesses at least one nontri¨ ial
nonnegati¨ e solution.
4. UNIQUENESS AND APPROXIMATE SOLUTIONS
w xWe observe that for g , g g f, F , the following inequality is valid:1 2
< <g x y g x .  .1 2
Sup : x g 0, a F 1. . 5F x .
Define the numbers
< <F x y f x .  .n n
d s Sup : x g 0, a , n s 1, 2, . . . , 4.1 .  .n  5F x .
and let
 .F x
V s ds .H
0f 0 x y .
F x .
j x s , x g 0, a . 4.2 .  .  .
k f x . .
Now, we can formulate the following result.
  .  .4THEOREM 4.1. If l s Sup j x : x g 0, a - `, then
d F ld , n s 1, 2, . . . . 4.3 .n ny1
Proof. Using the mean value theorem, we obtain
x
f s y f 9 s x y s ? F s y f s ds .  .  .  .  .H ny1 ny1
0F x y f x F . .  .n n k f x . .
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Using the definition of d , we can writen
x
d f s y f 9 s x y s ? F s ds .  .  .  .Hny1
0F x y f x F . 4.4 .  .  .n n k f x . .
Integrating by parts, we have that
x
f s y f 9 s x y s ? F s ds .  .  .  .H
0
x s
2s f 0 xF x y f 0 ds. 4.5 .  .  .  .H y1V 9 V f 0 s . . .0
 .  .From 4.4 , 4.5 , and
x s s .  .f 0 x F x2f 0 ds s ds s V s ds, .  .H H Hy1 y1V 9 V f 0 s V 9 V s .  . .  . .0 0 0
we derive that
F x y f F d j x F x for every x g 0, a . .  .  .  .n n ny1
 .This shows the validity of 4.3 .
COROLLARY 4.1. We ha¨e that
d F lnd , n s 1, 2, . . . , 4.6 .n 0
and
0 F F x y f x F lnF x , n s 1, 2, . . . , x g 0, a . 4.7 .  .  .  .  .n n
 .  . nProof. From 4.3 we get 4.6 . Since d - 1, we have that d F l .0 n
 .Hence, 4.7 holds.
 .COROLLARY 4.2. Let l - 1. From Theorem 3.1 and 4.7 we infer that
 4  4f ª u and F ª u ,n m n M
and
u s u on 0, a ..m M
 .Moreo¨er, let u be the solution of 2.1 . We ha¨e the following estimates:
nF x y u x F l F x , x g 0, a , 4.8 .  .  . .  .n
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and
nu x y f x F l f x , x g 0, a . 4.9 .  .  . .  .n
5. EXAMPLES
We present some applications of the results obtained in the previous
 .  .section. We first consider the following special case of 1.1 ] 1.3 :
my 1 w xk u s mu m G 2 , f x s c 1 y x , c ) 0, x g 0, 1 . .  .  .  .
5.1 .
w xThis situation is considered in 3, 6, 8, 9 . We have
m
my 1V x s x , .
m y 1
 .1r my12m y 1 x
f x s c x y , .  /m 2
and
 .1r my1m y 1
F x s cx . .  /m
Thus, we have that
1
j x s . . x
m 1 y /2
 x  .If a g 0, 1 , then l s 2rm 2 y a . In consequence, the problem
 .  . w x1.1 ] 1.3 has a unique solution on 0, 1 between f and F, for any
 .m ) 2. If m s 2, then l s 1r 2 y a . This gives the uniqueness on
w .0, a for any a - 1. By the continuity of the solution we obtain the
w xuniqueness on 0, 1 . This solution can be approximated very well by f orn
F for n large. We also note that f or F is a good approximation of then
solution for m sufficiently large.
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We now present another example. In some radial diffusion problems
 w x.see, for instance, 2, 6 the following case is studied:
my 1 yx w xk u s mu m G 2 , f x s ce , c ) 0, x g 0, 1 . .  .  .
5.2 .
 .Note that k is the same as in 5.1 . It is easy to see that
 .1r my1m y 1
yxf x s c 1 y e .  .
m
and
 .1r my1m y 1
F x s cx . .
m
Hence, we get
x
j x s . . yxm 1 y e .
yx 2 w .  .Since 1 y e G x y x r2 for x g 0, 1 , then, as in example 5.1 , we
 x  .obtain, for a g 0, 1 , that l F 2rm 2 y a . This implies the uniqueness
 .  . w xof the nontrivial solution of 1.1 ] 1.3 on 0, 1 between f or F, and we
can give a good approximation of the solution using the method described
in the previous section.
Finally, we present a diffusion problem with k different from the
 .  . w xprevious examples 5.1 and 5.2 . Indeed, in 10 , the authors consider
w x  .  .other types of k. As an illustration 10 , we study 1.1 ] 1.3 with
1
y1r u w xk u s e , f x s c 1 y x , 0 - c - 0.2, x g 0, 1 . .  .  .
u
5.3 .
Thus, we have
y1
y1r x y1V x s e , V x s , .  .
ln x
y1 y1
f x s , F x s , .  .2 ln cxx
ln c x y /2
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and
1
j x F . . 2x x
y 1 ln c x y /  /2 2
w xSince the right-hand side is an increasing function on 0, 1 , we get
2
w xj x F - 1, x g 0, 1 , 0 - c - 0.2. . 2
ln  /c
 .  .This implies the existence of a unique solution of 1.1 ] 1.3 . The solution
can be approximated very well by F or f for n large. If c is sufficientlyn n
 .small, then F or f is a good approximation of the solution.
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